We continue the investigation of supersymmetric extensions of baby Skyrme models in d = 2 + 1 dimensions. In a first step, we show that the CP(1) form of the baby Skyrme model allows for the same N = 1 SUSY extension as its O(3) formulation. Then we construct the N = 1 SUSY extension of the gauged baby Skyrme model, i.e., the baby Skyrme model coupled to Maxwell electrodynamics. In a next step, we investigate the issue of N = 2 SUSY extensions of baby Skyrme models. We find that all gauged and ungauged submodels of the baby Skyrme model which support BPS soliton solutions allow for an N = 2 extension such that the BPS solutions are one-half BPS states (i.e., annihilated by one-half of the SUSY charges). In the course of our investigation, we also derive the general BPS equations for completely general N = 2 supersymmetric field theories of (both gauged and ungauged) chiral superfields, and apply them to the gauged nonlinear sigma model as a further, concrete example.
Introduction
The Skyrme model [1] is a nonlinear field theory in 3+1 dimensional Minkowski space which supports topological soliton solutions. Its field variables take values in SU(2) which, together with an one-point compactification of the base space R 3 → S 3 implied by the condition of finite energy, leads to the classification of field configurations by an integervalued winding number or topological degree. The most important application of the Skyrme model is in the field of nuclear and strong interaction physics [2] - [8] . In this context, the Skyrme model (or some of its generalizations) is interpreted as a low energy effective field theory which may be justified from the underlying fundamental theory (QCD), e.g., by invoking some large N c (number of colors) arguments [9] , [10] . In this interpretation, the primary fields of the effective theory are related to mesons (e.g. pions in the SU (2) case), whereas baryons and nuclei are described by the topological solitons of the theory, and baryon number is identified with the topological degree of the corresponding soliton.
The baby Skyrme model was introduced originally as a planar analogue of the three dimensional Skyrme model [11] - [20] , although it has found its own applications, e.g., in condensed matter physics [21] or in brane cosmology [22] . Its target space is simplified accordingly, as well (S 2 instead of the SU (2) target space of the Skyrme model), such that static field configurations again can be classified by a winding number. Like the original version of the Skyrme model, as proposed by Skyrme, also the Lagrangian of the baby Skyrme model consists of a kinetic term quadratic in first derivatives (the O(3) nonlinear sigma model term) and a quartic kinetic term (the analogue of the Skyrme term). Further, for the baby Skyrme model, the inclusion of a potential term is obligatory for the existence of static finite energy solutions. The specific form of this potential term is, however, quite arbitrary, and different potentials have been studied [11] - [20] . The Skyrme model, too, allows for the addition of a potential (not obligatory in that case) or of some further terms like, e.g., the square of the topological current, which is sextic in first derivatives. In any case, the presence of higher derivative terms ("non-standard kinetic terms") in Skyrmetype models is necessary for the existence of topological solitons. In addition, in both models the energies of static configurations can be bound from below by a Bogomol'nyi bound (a multiple of the topological degree), but generic soliton solutions do not saturate this bound. It is, however, possible both for the baby Skyrme model [23] - [26] and for a generalized Skyrme model [27] - [30] (i.e., a generalization of the original model proposed by Skyrme) to find certain submodels such that their topological soliton solutions saturate the corresponding Bogomol'nyi bound, that is, they are of the BPS type and obey certain first-order BPS equations.
At this point, it is useful to compare the properties of Skyrme-type theories with those of the abelian and nonabelian Higgs models with their vortex-type or monopoletype solitons (see e.g. [8] ). The topology of these solitons is different, because now the one-point compactification of the base space is not assumed, and the scalar fields ("Higgs fields") may be classified by a topological degree related to their winding about the sphere at spatial infinity. As mentioned already, this behaviour leads to an infinite energy due to the presence of angular gradients in the kinetic energy density with a rather slow decay for large distances. The well-known way to remedy this problem is via the coupling of the Higgs field to a gauge field such that the unwanted angular gradients are converted into pure gauge configurations and do not contribute to the energy. If the standard kinetic terms for the gauge fields (Maxwell or Yang-Mills terms) are added, we just arrive at the abelian Higgs model or the t'Hooft-Polyakov (nonabelian) Higgs model, respectively. In spite of the different topology of the corresponding solitons, these theories share many properties with the Skyrme-type ones. For the Higgs theories, too, the energies of static configurations can be bound from below by Bogomol'nyi bounds where, however, solitons of generic theories do not saturate the bounds. Again, submodels can be found (usually, by a judicious choice of the Higgs potential) whose solitons (vortices or monopoles) are of the BPS type and saturate the bound.
There exists, however, one aspect where the two classes of theories are apparently rather different, namely the issue of supersymmetry. The Higgs-type theories are wellknown to possess N = 1 supersymmetric (SUSY) extensions. Further, the submodels with BPS solitons even allow for an N = 2 SUSY extension such that the BPS soliton solutions are, in fact, one-half BPS states in the sense of SUSY, that is, field configurations which are annihilated by one-half of the SUSY charges (see, e.g., [31] - [37] ). The construction of these SUSY extensions is facilitated by the fact that the kinetic terms both for the Higgs and for the gauge fields are of the standard form (quadratic in derivatives), because the SUSY extensions of these kinetic terms are well-known. On the other hand, until recently not much was known about the SUSY extensions of Skyrme-type theories, where the presence of nonstandard kinetic terms is mandatory. To the best of our knowledge, the first investigations of SUSY extensions of Skyrme-type theories were performed in [38] , [39] . Concretely, the authors studied possible SUSY extensions of the so-called Skyrme-FaddeevNiemi (SFN) model, which has exactly the field content of the baby Skyrme model, but in 3+1 dimensions (in 3 spatial dimensions the potential term is not mandatory and is usually omitted). In this model field configurations are no longer classified by a winding number but, instead, by a linking number (the Hopf index). In both papers, the authors treated the SFN model as a CP(1) restriction of the original Skyrme model, where the elimination of the third, unwanted degree of freedom is achieved by transforming it into pure gauge via the introduction of a non-dynamical gauge field. One consequence of this procedure is that the Skyrme term (which is non-standard) may be expressed as the standard Maxwell term of the non-dynamical gauge field. As a consequence, the resulting action only contains standard kinetic terms (the nonlinear sigma model term for the CP(1) field and the Maxwell term) and standard SUSY techniques may be used. The result of these investigations is that the original SFN model cannot be extended to a SUSY theory by these methods. Any SUSY extension achieved in this way contains additional terms already in the bosonic sector.
The investigation of SUSY extensions of genuinely nonstandard kinetic terms has been resumed only recently [40] - [48] (see also [49] - [52] for related discussions), where this rising interest is partly owed to the fact that field theories with non-standard kinetic terms may be instrumental in the resolution of some enigmas of cosmology [53] - [62] . Concretely, in [41] we demonstrated that the baby Skyrme model in the O(3) formulation does have a N = 1 SUSY extension for arbitrary non-negative potential. It turned out, however, that a submodel supporting BPS solitons (the so-called BPS baby Skyrme model, where the non-linear sigma model term is suppressed) cannot be supersymmetrically extended by the methods of that paper. It is the purpose of the present paper to go much further in the analysis of SUSY extensions of baby Skyrme models where, among other issues, the puzzle just mentioned will be resolved in the course of the investigation.
Our paper is organized as follows. In Section 2 we introduce the baby Skyrme models and fix some notation. In Section 3 we give our conventions for N = 1 SUSY in 2+1 dimensions. In Section 4 we discuss the N = 1 SUSY extension of the baby Skyrme model in the CP(1) formulation. In Section 5 we introduce the N = 1 SUSY extension of the gauged baby Skyrme model [63] , i.e., the baby Skyrme model coupled to Maxwell electrodynamics in the standard way. In Section 6 we give our conventions for extended N = 2 SUSY. In Section 7 we attempt to find an N = 2 extension of the SUSY baby Skyrme model. We find that, in addition to the well-known Kaehler potential term giving rise to the non-linear sigma model, we have to introduce a further term into the lagrangian superfield. This further term has the surprising effect that, after the substitution of the auxiliary fields via their field equations, not only the quartic (Skyrme) term is produced in the bosonic sector but, at the same time, the quadratic (nonlinear sigma model) term is eliminated for arbitrary values of the Kaehler potential. Besides, a potential term depending on the Kaehler metric is automatically induced in this process. In other words, in the purely bosonic sector we find precisely the BPS baby Skyrme model consisting of the Skyrme term and a potential, but without the sigma model term. Due to the absence of this sigma model term, we may choose arbitrary Kaehler metrics and, therefore, arbitrary nonnegative potentials. So in this case the potential is induced by the Kaehler metric and not by a superpotential. A superpotential term is, in fact, forbidden in this construction. In Section 8 we discuss the issue of BPS (or Bogomol'nyi) equations for the BPS baby Skyrme models from the point of view of N = 2 SUSY. Concretely, in a first step we derive the equation for one-half BPS states for a completely general N = 2 chiral superfield. Then we apply the resulting equation to the SUSY BPS baby Skyrme model and find that its onehalf BPS states are precisely the BPS solutions of the BPS baby Skyrme model [23] - [26] . In Section 9 we introduce the N = 2 SUSY extension of the gauged baby Skyrme model. Again, the procedure implies the absence of the (gauged) quadratic sigma model term, and we find the gauged BPS baby Skyrme model [64] . For this model, a BPS bound and BPS solitons have been found recently, where the construction of the BPS bound implied the introduction of a certain "superpotential" W which is related to the potential V by a first order differential equation ("superpotential equation"). We find that, again, the BPS solitons are one-half BPS states of the N = 2 SUSY extension, and the "superpotential equation" may be understood from the fact that both the "superpotential" W and the potential V are derived from a certain Kaehler potential. In Section 10 we apply our methods to the gauged nonlinear sigma model, which is known to possess BPS solitons for a certain choice of potential [65] . It follows easily from our general construction that this model has an N = 2 SUSY extension and that the BPS solitons are one-half BPS states. In this case, the sigma model term and, therefore, the Kaehler metric, have a fixed, given form, so, as a result, also the potential (which is again a function of the Kaehler metric) is fixed. Finally, Section 11 contains our conclusions.
The baby Skyrme model
The field variables of the baby Skyrme model take values in the two-sphere, so it is naturally parametrized by a three component unit vector field n(x), where n 2 = 1. The lagrangian density is a sum of three terms,
where L 2 is the sigma model term
L 4 is the Skyrme term
where K µ is the topological current
is the winding number (topological degree) of the map n. Finally, L 0 is the potential term
The lagrangian density has dimensions of
or, equivalently, [energy] [length] 2 . Further, we shall assume natural units where the velocity of light is equal to one such that [length] = [time] . Extracting a common energy scale E 0 we may write the Lagrangian density like
where now ν is dimensionless, and λ and µ −1 have the dimension of length. A nonzero ν may always be set equal to one, ν = 1, by an appropiate choice of the energy scale E 0 . We shall, therefore, assume ν = 1 or ν = 0 in what follows, depending on whether the term L 2 is present or absent. Besides, all energies will be measured in units of E 0 , which is equivalent to setting E 0 = 1, what we assume from now on. In a next step, we shall introduce dimensionless coordinates via x µ = l 0 y µ (here, l 0 is a universal length scale) which are more appropriate for SUSY calculations, where we continue, however, to use the symbols x µ (instead of y µ ) for the new, dimensionless coordinates. For nonzero λ, we may always choose l 0 = λ. Choosing, in addition, length units such that l 0 = 1, we get again the lagrangian (2.7) where, now, both ν and λ take the values 1 or 0 (depending on whether the corresponding terms are present or absent), and µ is a dimensionless coupling constant. But we have not yet made any assumption on the form of V, therefore we may always reabsorb this constant into the definition of the potential. Doing so, our lagrangian density for the full baby Skyrme model (with all terms present) now reads 8) which is the dimenionless lagrangian density in the O(3) formulation of the baby Skyrme model. In the following, however, we shall need the model in the CP (1) formulation, where the field variable is parametrized by a complex scalar field u(x) related to n by stereographic projection,
In terms of the field u (i.e., in CP(1) formulation), the dimensionless lagrangian density
where
is the nonlinear sigma-model term,
is the "Skyrme" term quartic in first derivatives, and
is the potential term. From now on, we assume that V only depends on the modulus (squared) of u (i.e., only depends on n 3 in the O(3) formulation), which implies that the potential does not completely break the SU(2) target space symmetry (the O(3) symmetry in the O(3) formulation) of L 2 + L 4 , but leaves a U(1) subgroup (the phase transformation u → e iλ u) intact. This is of special importance if we want to couple the Skyrme field u to the U(1) gauge field of electrodynamics. It is sometimes useful to consider the slightly more general class of models given by
14)
where the original baby Skyrme model corresponds to the choice
Geometrically, g and h may be interpreted as the target space metric and the (square of the) target space area density, respectively.
We use the Minkowski space metric η µν = diag(+, −, −). Then, an N = 1 real scalar superfield is given by
where the coordinate z stands collectively for (x µ , θ α ), φ is a real scalar field, ψ α is a fermionic two-component Majorana spinor, and F is the auxiliary field. Further, θ α are the two Grassmann-valued superspace coordinates, and θ 2 ≡ (1/2)θ α θ α . The components of a superfield can be extracted with the help of the following projections
where the superderivative is
and the vertical line | denotes evaluation at θ α = 0. From here it is easy to construct supersymmetric lagrangian, which are just the θ integrals of general superfields, that is, general functions of the basic superfields and their superderivatives, i.e.:
It is also possible to construct N = 1 complex superfields by combining real ones.
4 N = 1 CP(1) baby Skyrme model
We will construct a N = 1 supersymmetric extension of the model (2.10). In a first step, we need the basic N = 1 superfields
Taking into account that u ∈ C and φ i ∈ R, we introduce the following combinations for the new superfields U andŪ :
such that
Similarly we define
With these complex combinations of real superfields we can now generate the quadratic term. Considering only the bosonic sector, we find
that is, the quadratic term of the baby Skyrme model plus a term quadratic in the auxiliary field F . For the quartic term we need two contributions, which for the moment we write without their target space area factors h. The first one is
and its bosonic part results iñ
For the second contribution we define A 1 = U and A 2 =Ū , then the other part for the quartic Lagrangian is
and the bosonic part results iñ
We remark for later use that in this specific linear combination, together with the unwanted terms depending on ∂ µ u, also the auxiliary fields F andF have disappeared.
Including now the h(u,ū) factor, we get 17) and the final result for the quartic term has the following form,
As usual, in N = 1 SUSY a potential term results from a (real) superfield U (U,Ū ) called superpotential, which only depends on the basic superfields U andŪ ,
with the bosonic part
Taking into account (4.8) and (4.21), the equations of motion for the auxiliary fields are
Inserting these values in the total Lagrangian we obtain
and, therefore, precisely the lagrangian density (2.10) of the baby Skyrme model with the potential
For potentials V(uū) with the residual U(1) symmetry we have to assume that also U = U (UŪ ). What is interesting here is that we cannot eliminate the quadratic term. Setting g(u,ū) = 0 at the end leads to 27) and starting without the quadratic term from the beginning has the consequence that the auxiliary fields only appear linearly in the lagrangian from the superpotential, L(F,F ) ∼ U u F +UūF . They act, therefore, like Lagrange multipliers enforcing the "constraints" U u = Uū = 0. We conclude that, although the quartic term L 4 alone can be supersymmetrically extended by the methods of this section, this is not true for the BPS baby Skyrme model L 4 + L 0 . We shall find in the next section, however, that we may find more general N = 1 extensions which are capable of producing the BPS Skyrme model in its bosonic sector.
Later on, we will see that (reflecting its BPS nature) the BPS baby Skyrme model even allows for an N = 2 SUSY extension. In both cases, the potential term L 0 is not induced by a superpotential but, instead, by the target space metric g or by a Kaehler potential related to g. To summarize the results of this section, for the CP(1) version of the baby Skyrme model we found exactly the same N = 1 SUSY extension as for its O(3) version [41] . The two versions are, of course, classically equivalent. The SUSY extensions, however, require the introducion of fermions which must be treated as quantum objects to provide the correct SUSY algebra. The equivalence of the two SUSY extensions is, therefore, not completely obvious, but turns out to be true.
More general N = 1 extensions
The N = 1 SUSY extension of the previous section allows for certain generalizations, among which also the SUSY extension of the BPS baby Skyrme model can be found. Later (in Section 7) we shall even find that the BPS baby Skyrme model allows for an N = 2 extension. Concretely, let us define the following lagrangians which generalize the quartic lagrangian of the previous subsection,
Here, λ and µ are real parameters. In components, and for the bosonic sector only, we get
It follows that
and, specifically for µ = 1/4,
A general linear combination of the two lagrangians is
where δ and ρ are real coefficients. Two choices for these parameters are of special interest, namelyL
λ µ= 1 4 ,λ= 1 4 ,ρ=−2,δ=1
λ µ= 1 4 ,λ=0,ρ=2,δ=−1
In a next step, we introduce, again, the target space area density h(u,ū). This is done by multiplying the lagrangian densities in superspace by the corresponding superfield h(U, U † ) exactly like above, that is (where, again, we only consider the bosonic sector)
(and the same for L µ ). The reason for this is that each superderivative D α Φ is linear in θ in the bosonic sector, and both L λ and L µ are quadratic in D α Φ (i.e., quadratic in θ in the bosonic sector), therefore all superfields multiplying them only contribute with their θ = 0 component. For the two quartic lagrangians L
(1)
4 we get L
The first expression (4.38) precisely coincides with the lagrangian (4.18), therefore this choice of parameters just reproduces the N = 1 extension of the previous section. In order to understand the significance of L
4 , it is useful to add it to the quadratic lagrangian (4.8) of the previous section to obtain
Now we solve for the auxiliary fields F,F . On the one hand, we find the trivial solution F =F = 0 which leads to the lagrangian
This lagrangian contains higher than second powers of time derivatives, and we shall not consider it further in this paper. On the other hand, we find the nontrivial solution
and, after substituting back into the lagrangian,
For the choice h = (1 + uū) −4 , this is precisely the lagrangian of the BPS baby Skyrme model, where the quadratic term has disappeared, provided that we identify the potential with
As the quadratic term has disappeared, we are free to choose any function g(u,ū) we like and may, in this manner, produce the potentials we want. We emphasize that in this model the potential does not come from a superpotential but, instead, from the "target space metric" g(u,ū). Including a superpotential would result in a complicated fourth-order equation for the auxiliary field F , and the resulting lagragians would be completely different from the baby Skyrme model. We stop the discussion of the N = 1 SUSY extension of the BPS baby Skyrme model at this point, because later we will find that this model allows, in fact, for an N = 2 extension, such that also its BPS equations may be derived from N = 2 SUSY (see Sections 7, 8) .
Gauged N = 1 CP(1) baby Skyrme model
In order to construct the gauged version of the N = 1 CP 1 baby-Skyrme model we need and extra superfield containing the gauge field A µ and a Majorana fermion λ α (in this case the photon and the photino field). This superfield, which we call Γ α , has the following decomposition,
In addition, we need the same complex superfield as above (constructed from two N = 1 real superfields)
where u(x) and F (x) are complex fields and χ α (x) is a Dirac fermion. Now it is easy to see that promoting the superderivative D α to a covariant superderivative D α ,
and adding the Maxwell term, the model is automatically gauged. In close analogy to the ungauged case, the quadratic term for the gauged model is
and the bosonic (i.e., χ α = λ α = 0) sector results in
Analogously, we find for the gauged quartic term
(5.11) and, after again defining
and finally
(5.14)
In addition, we need the Maxwell term which is generated in terms of the spinor superfield only,
Now we choose g(ū, u) = 1/(1 +ūu) 2 , h(ū, u) = 1/(1 +ūu) 4 . Putting all these terms together and eliminating the auxiliary fields we obtain in the bosonic sector
To summarize, we just find the gauged version of the baby Skyrme model, where partial derivatives are replaced by covariant derivatives, and a Maxwell term is included. This model is known to support soliton solutions [63] . We remark that, exactly as in the ungauged case, within this SUSY extension it is not possible to eliminate the (gauged) quadratic, i.e., nonlinear sigma model, term without eliminating, at the same time, the potential. That is to say, we cannot construct the gauged BPS baby Skyrme model [64] within this SUSY extension. More general N = 1 extensions which do allow to find the N = 1 extension of the gauged BPS baby Skyrme model certainly will exist, like in the ungauged case (see Section 4.2). Here we shall consider, instead, directly the N = 2 SUSY extension of the gauged BPS baby Skyrme model (Section 9), which turns out to exist, exactly as for the ungauged case.
N=2 Supersymmetry in 2 + 1 dimensions
In this section we shall introduce our conventions for N = 2 supersymmetry in 2+ 1 dimensions. We have four independent Grassmann variables, θ α andθα, and the corresponding superderivatives
With these definitions it is easy to check the following anticommutation relations,
The supersymmetric generators Q andQ have the same structure as the superderivatives, up to a relative sign,
therefore the anticommutation relations are 8) and the mixed anticommutators all vanish,
Now we introduce the superfields. To construct our model, we will need only chiral and antichiral superfields satisfying the following constraints (for chiral and anti-chiral, respectively) DαΦ = 0 (6.10)
It is easy to solve the above constraints by introducing the chiral variables
(we assume dotted indices for variable with bar, and undotted without bar). These new variables satisfy the chiral constraint
therefore, by building superfields with this variable and expanding, the chiral constraint is automatically implemented. Concretely, for the chiral superfield
and analogously for the anti-chiral superfield
The baby Skyrme model and N=2 supersymmetry
In a first step, let us try to find an N = 2 extension which produces the two kinetic terms
In order to generate the quadratic term, we need only a D-term involving a Kahler potential (this is just the N = 2 CP(1) σ-model), with the lagrangian density
where Φ is a N=1 chiral superfield in (2 + 1) dimensions and Φ † the respective antichiral superfield. Taking into account that K(Φ, Φ † ) = ln(1 + ΦΦ † ) is a Kaehler potential with Kaehler metric
the only non-zero Christoffel symbols are
or, explicitly,
The lagrangian can be written in components as
where g(u,ū) = 1 (1 + uū) 2 (7.9)
In a next step, we have to generate the N = 2 supersymmetric version of the quartic terms in (7.1). We might choose a supersymmetric lagrangian starting from a superfield quartic in superderivatives and depending on both chiral and anti-chiral superfields. LetL 4 be this quartic superfield,L
then after integration in the Grassmann variables we get for the bosonic sector
(7.14)
Right now, this quartic lagragian is still quite different from the quartic part of (7.1). The first observation in that we can multiply this lagrangian by a prefactor depending on the superfields. Let this prefactor be h(Φ, Φ † ), then the new superfield has the following form,
and after the θ−integration the bosonic sector of the corresponding lagrangian is
The reason for this result is that each superderivative D α Φ is at least linear in θ orθ in the bosonic sector, and the above superfield contains four powers of D α Φ's. Therefore, only the θ-independent part of the prefactor contributes to the bosonic sector. Adding the bosonic sector of the quadratic lagrangian to the above quartic bosonic lagrangian we get
Finally solving the algebraic equation of motion for FF :
we get
For our special case with g(u,ū) = 1/(1 + uū) 2 , h(u,ū) = 1/(1 + uū) 4 , this turns into
so we apparently find a constant "potential" V = (1/4). The important observation here is that after the substitution of the auxiliary field F by its on-shell value, the quadratic, nonlinear sigma model term has completely disappeared from the above bosonic lagrangian, for arbitrary choices of g and h. There is, therefore, no more reason to restrict the Kaehler metric g and the corresponding Kaehler potential to their CP (1) form. Then, choosing h(u,ū) = 1/(1 + uū) 4 (which we maintain, because we want the standard quartic term of the baby Skyrme model), and a general Kaehler manifold (different from CP (1)) with metric g(u,ū) we have in the bosonic sector
This is precisely the lagrangian of the BPS baby Skyrme model with the potential term
where g is a Kaehler metric. The potential in the N = 2 extension is, therefore, induced by the Kaehler potential of the nonlinear sigma-model type lagrangian (7.2), and not by a superpotential term. The addition of a superpotential is, in fact, forbidden in the sense that it would transform the algebraic field equation of the auxiliary field F into a fourth order equation with complicated roots of u and ∂ µ u as solutions. The resulting lagrangian would then be completely different from the baby Skyrme lagrangian. To summarize, we found the N = 2 supersymmetric extension of the restricted baby Skyrme model. Let us give some concrete examples. For the following family of potentials V(u,ū) depending on the parameter s,
the corresponding Kaehler metrics generating these potentials are
Integrating this metric we obtain the Kaehler potential, which at the superfield level is 25) for example,
Reintroducing the coupling constant µ of the potential terms, we get the bosonic lagrangians
We remark that the parameter µ is introduced in the D-term generated by the Kaehler potential, hence it is present in the fermionic sector of this term.
Bogomol'nyi equation
The BPS baby Skyrme model is well-known to support BPS solitons, that is, solitons which saturate the Bogomol'nyi bound and obey the corresponding first order BPS equation. In addition, we just found that the model admits an N = 2 SUSY extension, so the natural question arises whether these BPS solitons may be recovered as one-half BPS states of the supersymmetrically extended theory. SUSY BPS states are characterized by the fact that they are annihilated by some of the SUSY charges or, in the case of classical BPS solutions, that some SUSY charges (SUSY transformations) are zero when evaluated for the BPS states. We, therefore, need the N = 2 SUSY transformations in a first step. More concretely, a SUSY BPS solution has the fermionic components of the basic superfield Φ equal to zero, and only the scalar field u and the auxiliary field F are nontrivial. Further, the SUSY transformation of both u and F is proportional to a fermion and therefore trivially zero for a BPS state. The only nontrivial conditions, thus, come from the SUSY transformations of the spinors. The N = 2 transformations of the spinors have the following form
where ǫ α andǭα are the Grassmann-valued SUSY transformation parameters. For static (time-independent) fields we find in components
where ψ = (ψ 1 , ψ 2 ,ψ1,ψ2) t , ǫ = (ǫ 1 , ǫ 2 ,ǭ1,ǭ2) t , and M is the matrix
The condition that some (linear combinations of the) SUSY transformations δψ are zero is equivalent to the condition det M = 0, therefore we now need the eigenvalues of M . These eigenvalue may be calculated to be (λ + , −λ + , λ − , −λ − ), where 9) and the determinant is
The condition det M = 0 therefore leads either to λ 2 + = 0, that is, 12) corresponding to soliton and antisoliton, respectively. As the eigenvalues come in pairs, each condition has multiplicity two, and possible BPS solutions are, therefore, always onehalf BPS states (they leave invariant one-half of the supersymmetries). We remark that the discussion up to now has been completely general, and the above equations are therefore the completely general one-half BPS equations for any N = 2 supersymmetric field theory constructed from a chiral superfield. Specific models are characterized by the specific field equations for the auxiliary field F .
Concretely, for the N = 2 BPS baby Skyrme model, the equation of motion for FF in the static regime is
and we obtain the BPS equations
In order to demonstrate that this is, indeed, precisely the BPS equation of the BPS baby Skyrme model, we use
and the expression for the topological charge density q ≡ K 0 /2 where
The normalization of q is useful because then q is just the pullback (under the map defined by u) of the area two-form on the target space unit sphere (the area of the unit sphere is 4π). Using this expression, and h = (1 + uū) −4 , we get for the BPS equation
This is precisely the BPS equation of the BPS baby Skyrme model, see e.g. [25] , [26] (in those papers the r.h.s. of Eq. (8.17) reads ± √ 2V, because there the potential shows up in the lagrangian like −(µ 2 /2)V, whereas it appears without the factor 1/2 in the present paper).
Remark: it might appear that the on-shell value (8.13) for FF is negative, which would be contradictory. Here we want to show that, at least for field configurations which are sufficiently close to the BPS bound, this is not the case. Indeed, from (8.13) we easily derive
and, using the BPS equation (8.17),
N=2 SUSY gauged Skyrme model in 2+1 dimensions
Recently it has been found that the gauged BPS baby Skyrme model still has a BPS bound and supports soliton solutions saturating this bound [64] , so it is natural to attempt an N = 2 SUSY extension for this case, as well. For this purpose, we need the formalism for N = 2 supersymmetric gauge fields, concretely for abelian gauge fields (Maxwell electrodynamics).
For the gauged version of the Kaehler potential term (i.e., the quadratic kinetic term), we use the well-known fact that the combination of superfields Φ † e V Φ is gauge invariant, where V is the real vector multiplet with components (in the Wess-Zumino gauge)
Here D and σ are real fields. Again we need the chiral and antichiral superfields (6.15), (6.16), which are N = 2 supersymmetric by construction. The gauged quadratic term may now be constructed starting from
where K is a generalized Kaehler potential. Integrating we obtain the lagrangian
Here, D µ is the standard covariant derivative, and D µ is the covariant derivative on spinors,
Further, g uū is the Kaehler metric.
In a next step, we have to covariantize the quartic term. This is easily done by introducing the spinor gauge superfields defined by
Γα =DαV (9.6) and changing the superderivatives to the covariant superderivatives,D α andDα,
Dα =Dα +Γα, (9.8) hence L g 4 is the θ 2θ2 component of the superfield
The bosonic part of this lagrangian reads in components
Finally, we need the N = 2 extension of the Maxwell lagrangian, which is constructed from the superfields
The corresponding Maxwell lagrangian then is
The complete lagrangian in the bosonic sector, therefore, reads
The real scalar field σ appears at least quadratically, therefore, the trivial vacuum configuration σ = 0 always is a solution. We eliminate σ using this trivial solution. Further, the (algebraic) field equations for the auxiliary fields F and D are solved by
and, using them (and σ = 0), the complete bosonic lagrangian finally reads
We, therefore, found a bosonic lagrangian where the quadratic, sigma-model type contribution has disappeared, again, the quartic Skyrme term is covariantized, a Maxwell term has been created, and, finally, a potential has been produced by the two auxiliary fields F and D, which explicitly reads
For later use we now assume that h(u,ū) = h(uū) and K(u,ū) = K(uū), and define
Bogomol'nyi equations
In a next step, we want to recover the BPS equations of the gauged BPS baby Skyrme model as one-half BPS states of the N = 2 supersymmetrically extended theory, as in the ungauged model. For this purpose, we need the supersymmetric transformations of the multiplet (for fermions)
We, again, restrict to the trivial solution σ = 0 for the σ field to obtain
Now we are ready to repeat the strategy of the ungauged model. That is to say, we have to calculate the matrices of the susy transformations of both spinors, take the determinants (or their eigenvalues) and extract the Bogomol'nyi equations. In the last step we then have to take into account the on-shell values of the auxiliary fields. The matrices of the SUSY transformations for static fields are
and (where we also assume A 0 = 0)
and from det(M ψ | s ) = 0 and det(M λ | s ) = 0 we obtain the general BPS equations
We emphasize that, again, these are the completely general BPS equations for a general N = 2 chiral superfield coupled to an N = 2 extended abelian gauge field. Specific models result from specific solutions for the auxiliary fields F and D.
Concretely, for the gauged BPS baby Skyrme model we get
For a comparison to known results it is useful to simplify the square root in the first equation,
then we get
where we also assumed K = K(uū), as above. Introducing now the topological charge density q and its "covariant" version Q, (9.39) and using the explicit expression h = (1 + uū) −4 , we finally get the BPS equations
where B is the magnetic field, B = ǫ ij ∂ i A j = F 12 . For a direct comparison with the results of [64] we should take into account that in that paper the potential V and the "superpotential" W were treated as functions of n 3 instead of uū, where
which leads to the BPS equations
These are precisely the BPS equations of Ref. [64] , after the corresponding coupling constants have been reintroduced. Finally, for the relation between W and V we get
which again, coincides with the relation (the "superpotential equation") of Ref. [64] . In the present N = 2 SUSY context, this relation may be easily understood from the fact that both W and V are derived from the same Kaehler potential K.
10 Bogomol'nyi solitons in a gauged O(3) sigma model from N = 2 SUSY As emphasized already, our method for the calculation of BPS equations for N = 2 SUSY extended theories is completely general for chiral N = 2 superfields with or without gauge interaction, therefore we may use it to study further models. Concretely, we want to employ it to obtain the Bogomol'nyi equations of the gauged nonlinear sigma model originally analyzed in [65] . We remark that the N = 2 SUSY extension of this model in the O(3) formulation has already been discussed in [66] . The gauged non-linear sigma term results from the generalized Kaehler term
where now the target space metric (=the Kaehler metric) is the one of the CP(1) model and, therefore, the corresponding Kaehler potential is fixed. The resulting lagrangian is like in Eq. (9.3), but for fixed g uū = (1 + uū) −2 . Further, we need the N = 2 extension of the Maxwell lagrangian, Eqs. (9.13) and (9.14). Focusing on the D-dependent terms for the moment we find (for a general Kaehler potential
and, therefore, the potential term contribution to the lagrangian is
For the specific Kaehler potential of the CP(1) model, K = ln(1 + uū), we get
(10.5)
We emphasize that this potential stems exclusively from the auxiliary field D, and that its form is fixed by the target space geometry (by the Kaehler potential). Specifically, there is no superpotential contribution to this potential, and the only solution for the auxiliary fields F for this lagrangian is the trivial solution F =F = 0. Using these solutions for F and D, and setting the scalar σ from the Maxwell superfield equal to its trivial solution, σ = 0, we get the lagrangian in the bosonic sector
that is, precisely the Lagrangian of the gauged nonlinear sigma model. Further, inserting the on-shell values for the D and F fields into the general N = 2 BPS equations (9.31), (9.32), we find the Bogomol'nyi equations 8) which coincide precisely with the ones of Ref. [65] . We remark that in this case, in principle, we may add a superpotential term 9) which leads to the F -dependent contribution (10.10) and to the on-shell valuesF
and, therefore, to the further contribution to the potential
The BPS equations in this case read
The second BPS equation may be rewritten like
or (after introducing the complex base space variable z = (1/2)(x + iy)), depending on the sign, as 2(1 + uū)
where ∂ z = ∂ x − i∂ y and A z = A x + iA y . It might be interesting to investigate whether in this class of field theories some models (i.e., some nontrivial choices of U ) can be found which support genuine solitons.
Conclusions
It was the purpose of the present work to investigate in detail possible supersymmetric extensions of baby Skyrme models. First of all, we found that the complete baby Skyrme model, consisting of three terms (potential, quadratic and quartic term), allows for an N = 1 SUSY extension where, in addition, the potential derives from a superpotential via the field equation of the auxiliary field, as usual. This finding is related to the fact that for this N = 1 extension, the SUSY extension of the quartic term does not depend on the auxiliary field, at least in the bosonic sector. As a consequence, this SUSY extension cannot be used for the so-called BPS baby Skyrme model (a submodel without the quadratic term), because then the equation for the auxiliary field automatically eliminates the potential. Still, there exists another N = 1 SUSY extension which automatically eliminates the quadratic term and induces the potential from the Kaehler metric (and not from a superpotential), leading directly to the BPS baby Skyrme model in the bosonic sector. It turns out that this N = 1 extension is, in fact, secretly N = 2. We explicitly constructed this N = 2 extension and demonstrated that, again, the equation for the auxiliary field eliminates the quadratic term and induces the potential from the Kaehler metric. In a next step, we derived the general BPS equations for any N = 2 supersymmertic field theory of chiral superfields and used this construction to demonstrate that the BPS solitons of the BPS baby Skyrme model are one-half BPS states of the corresponding N = 2 supersymmetric extension. Then we turned to the investigation of SUSY extensions of gauged baby Skyrme models, i.e., of baby Skyrmions coupled to an abelian gauge field. We found that the complete gauged baby Skyrme model, too, has an N = 1 extension. Further, the gauged BPS baby Skyrme model (without the quadratic term, but coupled to a gauge field) again has an N = 2 extension where the auxiliary field of the chiral multiplet eliminates the quadratic term, whereas both auxiliary fields (from the chiral and the gauge multiplets) induce the potential in terms of the Kaehler potential. We derived the completely general BPS equations for any N = 2 chiral multiplet coupled to an N = 2 gauge multiplet and used this result to re-derive the BPS equations of the gauged BPS baby Skyrme model [64] as one-half BPS equations of the N = 2 extension. Finally, we applied our general N = 2 BPS equations to the gauged nonlinear sigma model as a further, concrete application.
With these results at hand, the issue of possible applications and generalizations arises naturally. First of all, our BPS equations hold completely generally for any N = 2 supersymmetric field theory of (gauged or ungauged) chiral superfields, so it can obviously be used to find BPS equations for other models. Baby Skyrmions as such have found some applications in brane cosmology [22] , so their supersymmetric extensions may be of interest in this context. Another interesting issue is related to generalizations to higher dimensions. An N = 2 supersymmetric theory in d = 2 + 1 dimensions leads in a natural way to an N = 1 theory in one dimension higher, i.e., in d = 3 + 1 dimensions. For the Skyrme-Faddeev-Niemi (SFN) model (same field content and lagrangian as the baby Skyrme model, but in d = 3 + 1), we conclude that we cannot find an N = 1 extension with our methods, in agreement with the findings of [38] , [39] . On the other hand, for the restricted or extreme SFN model consisting of the quartic term and a potential only, we conclude that an N = 1 SUSY extension does exist. This model has been investigated recently [67] , [68] where it was shown that it supports knotted and linked solitons (Hopfions), like the full SFN model. In the same line of reasoning, we conclude that the gauged nonlinear sigma model in d = 3 + 1 dimensions has an N = 1 SUSY extension.
This naturally leads to the question of SUSY extensions of the Skyrme model in d = 3 + 1 dimensions. Indeed, the Skyrme model, too, has a submodel which supports BPS solitons [27] , and the results of the present work make it plausible to conjecture that this submodel might allow for an N = 2 extension, as well, but now in d = 3 + 1. This then implies that there should exist certain generalizations (i.e., more general submodels of the Skyrme model) which, while not possessing N = 2 extensions, still allow for N = 1 extensions. It would be very interesting to find these Skyrme submodels amenable to supersymmetry, to determine their SUSY extensions, and to investigate whether these supersymmetrizable Skyrme models are of special relevance in other contexts.
Another interesting class of problems is related to (and requires the determination of) the fermionic sectors of the SUSY extensions of the non-standard kinetic terms. Due to their complexity, these fermionic sectors have remained undetermined in almost all calculations up to now. Their knowledge, however, would allow to determine explicitly the supercharges (not only their evaluation on BPS solutions) and to calculate the resulting SUSY algebra with its possible central extensions. It is well-known that in the presence of topological solitons these central extensions have to be expected [32] . In addition, the inclusion of the fermions would allow to study the presence of fermionic zero modes in the background of topological solitons and, therefore, to investigate the corresponding index theorems relating the topological charges to the number of zero modes. These issues are under current investigation.
To summarize, in the present work we have made some important steps towards a better understanding of SUSY extensions of field theories with non-standard kinetic terms and, specifically, of non-standard field theories which support topological solitons. We found -among other results -that also for these theories the existence of BPS solitons is related to the existence of higher SUSY extensions, such that the BPS solitons are realized as BPS states in the SUSY extended theories, which for this type of theories is a new result.
